POHOZAEV-TYPE INEQUALITIES AND NONEXISTENCE 
RESULTS FOR NON C 2 SOLUTIONS OF p(.x)-LAPLACIAN 

EQUATIONS. 



GABRIEL LOPEZ 



Abstract. In this paper a Pohozaev type inequality is stated for variable 
exponent Sobolev spaces in order to prove non existence of nontrivial weak 
solutions for a Dirichlet problem with non-standard growth. The obtained 
results generalize a previous work of M. Otani. 



1. Introduction 

Let f2 be a bounded domain in R N with smooth boundary dSl. The domain f2 is 
said to be star shaped (respectively strictly star shaped) if (x-v(x)) (respectively 
if (x ■ v(x)) p > 0) holds for all x G dil with a suitable choice of the origin, where 
v(x) = (ui(x), . . . , vn(x)) denotes the outward normal unit vector at x G dVl. 
Consider the problem 

(-A p{x) u=f(u), xen 

\u(x) = o, x e on. 1 ' ; 

In [3] in order to obtain some non existence results for Problem (jl.lj) with fl star 
shaped some Pohozaev type identities are stated and applied to the case in which 
/ does not depend of p(x) and u G C 2 (Vl). Nevertheless, it is known [9] that for 
/(it) = \u\ q ~~ 2 u, 1 < q < oo, 2 < p < oo, and p, q constants, nontrivial solutions of 
(jl.ip docs not belong to C 2 (Q) n C(f2). The arguments in 31 Proposition 1.1] arc 
easily extended to the variable exponent case, so that in general, results in [3] can 
not be applied when S7u(x) = 0, not even for solutions in W 2 ' p ^(fl) Pi W 1,p ^ x \Vl). 
In this way, solutions of the problem, 

(E) I ~ A p^ u = \ u \ qix) ~ 2u > (L2) 
\u(x) — 0, x G dfl, 

where A p r x \u = div(|Vu| p ^' _2 Vu), in general do not belong to C 2 (fl). 

Existence of solutions for problem (E) is studied in [6] and [12]. The authors 
in [12] prove existence for the case in which the embbeding from Wq to 
L q ('\fl) is compact and moreover, they prove existence even for the case in which 
the embbeding from W^ p{ '\n) to L««(fi) is not compact provided that certain 
functional inequality holds true. 

This paper is organized as follows. In section [5] some necessary background in 
Variable Exponent Sobolev Spaces is provided including some required Compact 
Embedding results. In section [3] Theorem l3.2l we state and prove a Pohozaev-type 
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inequality. In Section |4j as a consequence of the Pohozaev type inequality, we prove 
some nonexistence results of nontrivial weak solutions of problem (|1.2p . 

2. Variable exponent setting 

We recall some definitions and basic properties of the variable exponent Lebesgue- 
Sobolev spaces L p ^(fl) and Wo'^iQ), where is a bounded domain in M . 
For any p G C(£l) we define 

p + = supp(x) and p~ — inf p(x). 

The variable exponent Lebesgue space for measurable real-valued functions is de- 
fined as the set 



IfU(Sl) = jtt : J \u(x)\ p{x) dx<oo 
endowed with the Luxemburg norm 

h =m{ P >0;/ o »W PW 



dx < 1 



which is a separable and reflexive Banach space if 1 < p p + < oo. For basic 
properties of the variable exponent Lebesgue spaces we refer to [2], [10] . 

Let Z/0(ft) be the conjugate space of L p ( '(£l), obtained by conjugating the 
exponent pointwise that is, l/p(x) + l/p'(x) — 1, [TOJ Corollary 2.7]. For any 
u G L p ('\Q) and v G LP (''(Q) the following Holder type inequality is valid 

p(-)IMIp'(-)- (2- 1 ) 

An important role in manipulating the generalized Lebesgue-Sobolev spaces is 
played by the p(-)-modular of the L p< --'\fl) space, which is the mapping p p r.\ : 
IP^(fl) -> K defined by 

Pv{-){u)= f \uf x Ux. 









\ uv dx 






Jn 


\p 





If (u n ), u G L p ( '(J7) then the following relations hold 

|M| p( .) < 1 (= 1; > 1) «*■ p p( .)(u) < 1 (= 1; > 1) (2.2) 

II«IIp(.) > 1 => Hfc < < ll«llp(o ( 2 - 3 ) 

IHIp(.)<1 IMIrf.)<ft»C-)(«) ^ IMIrf.) ( 2 - 4 ) 

||«n - u\\ P (-) -> <^> p p (.)(u„ - u) 0, (2.5) 
since p + < oo. For a proof of these facts see [10] . 

The set Wq' P (^) is defined as the closure of C^°(fl) under the norm 

Nlp(a) = UVullp^). 

The space (Wq' p ^ x \Q), \\ ■ \\ p ( x )) is a separable and reflexive Banach space if 1 < 
p~ ^ p + < oo. We note that if q G C+(fi) and q(x) < for all x G £1 then the 

embedding Wq X '(CI) <-> (ft) is continuous, where p*{x) = N p(x) / (N - p(x)) 
iip{x) < N or p*(x) = +oo if p(x) > iV [TOj Theorem 3.9 and 3.3] (see also 
Theorem 1.3 and 1.1]). 
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The bounded variable exponent p is said to be Log- Holder continuous if there is 
a constant C > such that 

b(x)-Ky)K _ log( ^_ y|) (2-6) 

for all x,y € R N , such that \x — y\ < ^. A bounded exponent p is Log-Holder 
continuous in f2 if and only if there exists a constant C > such that 

\B\ p B~Pt < (7 (2.7) 

for every ball £> C fi [21 Lemma 4.1.6, page 101]. Under the Log-Holder condition 
smooth functions are dense in variable exponent Sobolev space [2j Proposition 
11.2.3, page 346]. 

Finally, Compact Embedding results, as many other facts, are a very delicate and 
interesting issue in variable exponent spaces. For instance in |121 prop 3.1] is shown 
that for certain exponents with p*(x) > q(x) > p*{x) — e (in our notation) with x 
in some subset of ft the embedding from Wq' p ^ ^(f2) to L q ( '\ft) is not compact. On 
the other hand, surprisingly, if q(x) = p*{x) at some point, it is known that the 
embedding is compact in M. N see [H Thm. 8.4.6] and references therein. In this 
paper we will use Proposition 3.3 of |12j which in our notation can be stated as the 
following Proposition. 

Proposition 2.1. Let p(-) satisfying the log-Holder condition on the open and 
bounded set fl C WL N . Suppose that dfi € C 1 or ft satisfies the cone condition, and 
p + < N. Let q(-) be a variable exponent on fl such that 1 ^ q~ and 

ess inf (p*(x) -q(x)) > 0. (2.8) 

Then Wo' v{ '\fl) L^\fi), i. e. Wl' p{ '\fl) is compactly embedded in 

In the next section we will require also the following Lemma. 

Lemma 2.2. Let 1 < p(x) < q~ < q(x) < q + < oo a.e. in fl. Assume that 
\\u n \\ r < C for 1 ^ r < oo and u n u as n —¥ oo in L p ^(fl). Then u n — > u as 
n4 oo in L q ^{fl). 

Proof. Given (|2.2p to (|2.5[) it is enough to show that p q (.){u n — u) — > as n — > oo. 
For some 9 £ (0, 1) satisfying l/q~ — 9/p~ + (1 — 0)/q + we have 

p q (.){u n -u)= I \u n - u\ q{ - x) dx < / \u n -u\ q dx 
Jn Jn 

^ ( / Wn — u\ p dx\ I Wn — u\ q dx 



n / \Jn 

8q-/p 



/ p \°Q IP 

< C I J \u n - u\ p dx) -> as n ->■ oo, (2.9) 

given Thm. 2.11 in pQ, and since u n — > u in LP (fl). □ 
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3. POHOZAEV-TYPE INEQUALITY 

In this section we state a Pohozaev-type inequality for weak solutions u belonging 
to the class V defined as 



V 



{uG (Wo^ni'W) (Q) :xi\u\ q W- 2 ueL p 'V(n), i = l,2,...,iv} (3.1) 



where p'(x) = p{x) / (p(x) — 1) and p + < N. To this aim, we employ the techniques 
introduced by Hashimoto and tani in [9], [8], |13j . but within the framework of 
variable exponent spaces, which, as the reader may notice, require much more 
careful estimations than those in the constant case. 

Let g n (-) G C 1 (IR) be the cutoff functions such that ^ g' n (s) ^ 1, s G R and 

, s I s \s\ ^ n, , 

ffn(s) = {( I I -s ii ( 3 - 2 ) 

l(n + l)signs |s|^n+l. 



Let u be a weak solution of ()1.2j) and set u„ = g n (u) then |u„| r 2 u„ G (Wq' p ^ fl L 
for r G [2, oo). Consider now the approximate problem 

fJ? , {\w n \^- 2 w n -\ {x) w n = 2\u n \^- 2 u ni in ft, 
I w n = on aft. 

Since u n G L°°(ft), there exists a sequence {v^} C Cg°(ft) satisfying 

KIU-(O) < Co, for all EG (0,1), (3.4) 

< -> 2|u„| 9 ( x) - 2 u n , strongly in L r W(ft) as e 0, for all r G [1, oo). (3.5) 

In turn, we require another approximate equation for (E) n given by 

|K|^)-X + ^< = < ^ ft 
1 i<4 = on 9ft, 

where A s u(x) = — div {(|Vu(a;)| 2 +£)( p ^- 2 )/ 2 Vu(a;)} and e > 0. It is possible to 
show that (|3.3[) and (|3.6p have unique solutions and that Q3.6P and (|3.3[) provide 
good approximations respectively for (|3.3I) and (jl.2l) according to 



Lemma 3.1. Let p(-) satisfying the log-Holder condition on the open and bounded 
set ft C M. N . Suppose that 9ft G C 1 or ft satisfies the cone condition, and p + < N. 
Then the following statements hold true: 

(i) For each e G (0, 1) and n G N, there exists a unique solution w E n G C 2 (ft) 

of IE®. 

(ii) For each n G N there exists a unique solution w n G C 1,Q (ft) fl Wq' p (ft) 

fmj uf s converges to w n as e —> in i/ie following sense: 

\7w £ n \P^dx~> [ \Vw n \ p{x) dx as e -> 0, (3.7) 
si Jn 

w^j — » w„ strongly in L r (x)(Cl), (3-8) 
/or r(-) suc/i i/iai 1 < r~ < r(x) < r + a.e. m ft and p + < N. 
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(iv) w n converges to u as n —> oo in the following sense: 

Vw n \ p{x) dx ~> [ \\7 u\ p{x} dx asn^ oo (3.9) 
'.! J si 

w n \ q{x) dx^ [ \u\ q{x) dx, as n^oo, (3.10) 
si Jsi 

Proof, (i) Since u n g L°°(Vl) : there exists a sequence {v^} C C^°(H,) satisfying 

KllL-(n)<C , for all ee (0,1), (3.11) 

< ->■ 2|u„|« (:E) " 2 w„, strongly in L r (Q) as e -> 0, for all r E [l,oo). (3.12) 

Given that v e n belongs to C 2 (fl) and since A e u is elliptic, Theorem 15.10 in [TS] 
guarantees the existence of a unique solution w e n G C 2 (f2) of (|3.6p . 
(ii) Set 

^(«)= / ' N <fc + / dx-2 / |u„| 9(a;) - 2 u„zdx, 

Jo P{x) J n q{x) Jn 

so that F{z) is strictly convex, coercive and Frechet differentiable on 
Now, if z„ z D weakly in (vF 1,p(a;) n (fi), then since p e P(f2, /ti) (for defini- 

tions see [5]) the modulars J Q \V z\ p ^ / p(x)dx and L l^^/g^a^da; are sequentially 
weakly lower semicontinuous 2, Thm. 3.2.9] and J n |w„| 9 ( a: )- 2 u„zdx e (L 9 ^' (£1))* 
we conclude liminfn^oo F{z n ) ^ F(z )- Since F is bounded below, there exists 

u>„ 6 (\Vq ,p ^ n L 9 ^'^ (i7) where F attains its minimum, and since F is Frechet 

differentiable (F'(w n ), <p) = for all 6 (w o 1,p(x) n L q(x ^ (Q), i.e. uj„ solves (l3~oT) 

in the weak sense and the uniqueness follows from the strict convexity of F(z). 
Multiplying Q3.6P by \w n \ r ~ 2 w n (r ^ 2 constant), using Young's e-inequality with 
e = 1/2, and considering that \u n \ q ^~ 2 u n belongs to L°°(fl) we obtain 



\ Wn \Q(*)+r-*dx + (r-l) / \w n \ p{x) \w n \ r - 2 dx 
Jsi 

< / 2(rc+l) < * c )- 1 Kr- 1 dx 



Jf2 

(3.13) 

So, by [7, Thm. 1.3, p. 427] 



\W r , 



where 

q + if \\w n \\ Lq{x)+r -2 < 1, 
q~ if ||w„|| ig (x)+ r -2 > 1. 



q ± = 



In this way we can obtain an a priori bound for ||w„|| i ,,( :c )+r-2 independent of r. 
Letting r — >• 00 we get an i°°-estimate for u> n . Therefore using [H Thm. 1.2, p. 
400] we conclude w n G C 1 '"^). 
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(iii) With a similar argumentation as in (ii) we obtain 

IKIU-(n) < C n for all e>0. (3.14) 
Multiply (|3.6p by wi, to obtain 



\w e n \ q[x) dx+ / (|V<| 2 +e) {p{x) - 2)/2 \\7w e n \ 2 dx = / v £ n w e n dx. 
in J q Jn 

On the other hand, note that 



\Vw £ n \ p{x) dx = / (|V<| 2 ) (p(K) - 2)/2 |V<| 2 dx 
Jn 

< /(|V<| 2 +e)^)- 2 )/ 2 |V<J 2 ^ 



And hence 

' Nwt\ p{x) dx € I v^widx. 



n 



Now use Young's inequality and the fact that q(x), q'(x) > 1 to obtain 
\Vw £ n \ p(x) dx sC / \v e n \ q ' ix) dx + f \w e n f x) dx. 



so by p. 141) and given that v n £ C§°(Q) we deduce 

l|V<|| L p(.) ( n) < C n for all e > 0. (3.15) 

Together (|3.14[) , ()3. 15|) , and compactness Proposition 12.11 and Lemma 12.21 imply 
that there exists a sequence {wff } such that for p + < N 

w^ k — > w strongly in L r (£l), with 1 ^ r~ < r(x) < r + < oo (3.16) 

Vw e n k ^Vw weakly in L p{x) (n), (3.17) 

\w £ n k \ q{x ^ 2 w e n k v ^ l \w\ q ^- 2 wv as £ fc -^0, for all »eWj !l) (fi). 



n 

(3.18) 

Weak convergence holds since L p ^ spaces are uniformly convex [2 Thm. 3.4.9], 
and hence reflexive. 

From this point we refer to |llj for all the notations and results concerning to 
subdifferentials. Set 

4> e {z) := / -L(\Vz\ 2 + e) p ^/ 2 dx 
Jn P\ x ) 

with D((j) e ) = Wq' p ^ x \Q) so that 4> £ is a convex operator according to definition in 
section 1.3.3 p. 24 in [TTJ. Noting that cf> e is Frechet differentiable and that actually 

(j)' e {z)v = {A e z,v) = { (|Vz| 2 + e) p{x)/2 Vz-Vvdx. 



So according to [TT] section 4.2.2, A £ G d<j) e where d(f> £ is the subdiffcrential of (j> e . 
Hence satisfies 

Mv)-M<)> I (|V<| 2 +e)**>/ 2 V<.V(t;-<)ds, yveW^ p{x) (Q). 
Jn 

Now, by (EH) 

M v ) ~ <M<) > I (~\<\ q{x) - 2 < + <) ■ (« - <)dx. (3.19) 
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On the other hand, given strong convergence of —> w n as e — > and strong 



convergence of v n — >■ 2\u, 



\q(x)-2 



in L l {£t), we have that v^w £ n -)• 2|u„| 9 ^) 2 u n w n 



as e — »■ in L 1 (S1) since 

K w n - 2|w„| 9(a;) ~ 2 u„u;„|dx < / |<||u£ - 



+ / \w n \ v £ n ~2\u n \^- 2 u n 
^ C \w e n - w„|da; 



dx 



+ f \w n \ v e n -2\u n \«W- 2 u n dx,(3.20) 
Jn 



given that p. lip holds. That the last integral goes to zero as e — > follows after 
Holder's inequality for variable exponent spaces w n € L r (fl), and (|3 . 1 2[) . 
Given that <j> £ {v) ->• <j) {v) as e ->• for all u e W 1,p ^(fi) and 



liminf £fe « fc ) > £fc (u>) ^ <j> (w) 



k-^-oo 



(3.21) 



since modulars are weakly lower semicontinuous [U Thm. 2.2.8]. Taking limits as 
e -> in (|3~Tg| . and using (|3~T2l . (l3~l"fj)) . (j3~lB we get 

~ ^oW > ^ (-| W |^- 2 W + 2|u n |*< !B >- 2 u n ) • (v - w)dx, 

for all v e Wq' p ^(f2) which imply, by subdifferential's definition, that 

div(\Vw\ pix) - 2 Vw) ■ Vip = [ (-\w\ q ^' 2 w + 2\u n \ q ^' 2 u n ) ■ ip, (3.22) 



for all tp € W 1,p{a:) (O). We conclude that tu = since the argument above does 
not depend on the choice of {£&}. 

Multiply equation in (|3.3[) by w n and equation in (|3.6p by w^j and integrate by 
parts to get 

|Vu- n | p(:E) d.x = - / \w n \ q(x) dx + 2 ( \u n \ q{x) - 2 u n w n dx 



(|V<| 2 + e) (p(a;) - 2)/2 |V<| 2 da; = - / \w e n \ q{x) dx + / v £ n w £ n dx. 
So that and ([3~TB|) imply 



(|V<| 2 + e) (p(a;) - 2)/2 |V<| 2 dx 



|Vw„| p(a;) da; ase^O. 



(3.23) 



Take v = w = w n in (|3.19[) and let e — > in (|3.19[) to obtain 

limsup 4>e{w^) ^ (j>o{w n ), 

Last inequality and (|3.21[) imply 

f (|V<| 2 + e) p{x)/2 dx -> / |Vw„| p(:E) dx as e -> 0. 

Moreover, since (|3.17[) holds then 

liminf f \Vw £ \ p{x Ux> { \Vw n \ p{x) 



(3.24) 
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since modulars are weakly lower semicontinuous. 

On the other hand, since (\Vw £ n \ 2 ) p ^/ 2 ^ (|V<| 2 + e) p( - x ^ 2 we have 

limsup f \Vw e n \ p(x) dx sC limsup f (|V<| 2 + e) p[x)/2 dx < f \Vw n \^ x) dx 
e Jn £ Jn Jn 



Therefore we conclude (|3.7|) . 

iv) We proceed first by noticing that 

\u n \ q(x) ~ 2 u n \u\ q{x ^ 2 u strongly in L«»(fi) asn^oo, (3.25) 

by the uniform convexity of L q ( X '(Q). Multiply (|3.3|) by w n and integrate by parts 
to obtain 

w n \ q[x) dx + [ \X7w n \ p ^dx = 2 / \u n \ q ^- 2 u n w n dx (3.26) 
n Jn Jn 

< 4|||u„|« (a:) - 1 || i , 7x)(0) ||u; rl || i ,(x) (n) , 

by Holder's inequality for variable exponent Sobolev spaces |2] lemma 2.6.5]. Now, 
using [7J Thm. 1.3] and (ET^o) we get 

IWIltw(fi) + l|Vw„||P p(x)(n) C||w„|| i9 (x )(n) , (3.27) 

where 



P ± = 



q + if || w n \\ L9 ( X ) (n) < 1 

if lkn||i«(*)(n) > !> 

p+ if ||Vw n || L ,(x )(f2) < 1 

p~ if ||Vw I1 || i ,(x )(0) > 1, 



The fact that p ± , g^ 1 > 1 imply that ||w„||£, w ^, ||Viu n ||£ PW ^ < C. We use again 
Proposition 12.11 and Lemma 12.21 to obtain that, up to a subsequence {rik}, 

Vw nk -± Vw weakly in L p{x) (QQ3.28) 
w nk w weakly in L 9(a;) (£X)3.29) 
w„ fc — » w strongly in L 9 ^(n) for all g such that 1 ^ q~ < q(x) <, q + < oo 

/ K fe | 9(K) ~ 2 Wn fc • -»• / |u.| 9(a;) - 2 W • udz for all t> £ L 9 ' (a;) (ft) as fc -> cx(3.30) 
Jo Jn 

Given that w n is solution of (J3T3J) subdifferential's definition leads to 

/ -^\Vv\ p ( x) dx- I -}—\Vw n \ pix) dx= f -j—\Vv\ pix) dx- f -}—\Vw n \ pix) dx 
JnP{x) JnP(x) JnP(x) JnP(x) 

> [ (-\w n \^- 2 w n +2\u n \ q ^- 2 u n )(v-w n )dx (3.31) 



^ / \w n \ q ^dx- / \w n \ q(x ^ 2 w n vdx + 2 / |u n |^)-V(u-w„)dx, 
Jn Jn 

for all i> G Co°(fi) and for n such that suppv C f2. Let n = — > oo in (|3.31[) and 

recall (j3~23|) . (|3T25|1 . (j3~2l?l) and (1330)) to obtain 

/ J-lVd^da;- / -l-\Vw\ p{x) dx^ [ (-\w\ q{x) - 2 w + 2\u\ q{x) - 2 u){v - w)dx, (3.32) 
JnP\ x ) JnP(x) Jn 
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for all v E Cg°(D,). Now put v = w + tz with z £ C£°(fi) and let t -> 0+, t ->■ 0" 
in (|3.32|1 and use the definition of Frechet derivative to see that w satisfies 

/ \\7w\ p( -^- 2 Vw ■ Vz + f \w\ q[x) - 2 wzdx = 2 / |M| 9(a;) - 2 wzdx 

JO JS] ifl 

for all z e C£°(fi). Hence 

in the sense of distributions. That w = u follows from well known inequality 
\a-b\ p ^C p {(\a\ p - 2 a ~ \b\ p - 2 b) ■ (a - b)} s/2 (\a\ p + \b\ p f- s / 2 

which holds for all a, b <E M. N where s — p if p € (1,2) and s = 2 if p ^ 2, and 
C p > does not depend on a, b. Since the above argument does not depend on the 
choice of subsequences, (I3.28|) . p. 291) and (I3.30[) hold for rif. = n. 
Taking into account ([5^5)1 , ([5^5]) . (j3T2^1) and (|3T2^|) we get 

u\ q ^dx = [ \u\ q{x) dx + [ \Vu\ p ^dx 

( / |w„| 9(a:) rfa;+ / |Vw„| p(a;) cfe 
n | a ^da: + J \Vw n \ p( - x) dx^J 
^ 2 / \u\ q{x) dx. 



^ lim inf 

n— > oo 



lim 

n— f oo 



O 



<> 



Consequently 



lim ( / |u>„ 



t | 9(x) cte + / |Vw„| p(:r) d2:) = / lu^dsc + f \Vu\ p(x *>dx 
Jn J Jn Jn 

Further, notice that 
f \u\ q{x) dx < lim inf / \w n \ q{x} dx sC limsup / |w n | 9(!B) da: 

if! n ^°° if! n->oo 

= limsup ( [ \ Wn \ q ^dx + / l^-f^ - / |VW "': (a) ^ 
n^oo \Jn Jo PW Jo P( x ) J 

( f f \Vw \ f \Vw | p ( x ) 
< limsup / |w ra | 9(x) c!x + / ^\ — dx - liminf / J ^- — da: 

n->oo \Jn Jn P(x) J n ^°° Jn P(x) 



Therefore 



and 



sC / \u\ q{x) dx. 

lim / \w n \ q ^dx= [ \u\ p{x) dx 

lim / |Vw„| p ^(iE= / |Vu| p(:c W 
n ^°°Jn Jn 



a 
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In order to obtain a Pohozaev type inequality we introduce the function 

F{x, u, s) := + ^ + p ^ (X)/2 ~ <{x)u{x) (3.33) 

where s — (s±, . . . , sjv), which will be used in the context of a Pucci-Serrin formula 

Theorem 3.2 (Pohozaev type inequality). Let u be a weak solution of II. 2$ be- 
longing to V . Then u satisfies 

[ 4-Auf x) dx + ( ^^\Vu\^dx 
Jn q{x) Jn P(x) 

x ■ Vp(x) log (e-^Vu^) dx 

! P\ x ) ^ ' 

- [ x-Vq^^^logie^lu^Adx + R^O, (3.34) 

Jn q( x r v ' 



where 



lim sup lim sup / (|V«4j| 2 + e ) p ^^ 2 ( x . v(x))dS, — min {2,p(x)} , 
n->oo e—>0 Jen 



P n-Hx e->0 JdQ 
and w e n is the solution of 13. 6]) uniquely determined by u. 

Proof. In (|3.33[) denote by T s (x, u, s) = (d Sl J 7 , . . . , d SN J 7 ), so that 

d Si F(x,u,s) = (\s\ 2 +eyW 2 - 1 s i . 

hence we denote 

d s% F{x, u, V«) = (|Vu| 2 + efW^diU. 

and 

F s {x,u, Vu) - {\Vu\ 2 +e) {p{x) - 2)/2 Vu. 

So that 

div F{x, u, Vu) = —A e u, 
where, we recall, A e is defined after (|3.6|) . Finally, we denote 

V7(x,t(, Vu) = (d Xl F, . . . ,d XN F) 
= (di J", . . . , d N T) 



with 



9lF ^ d \-^xT + pjx) *n<*M*) 

- ^-^(\og\u\^ - l)d iq (x) + \u\ q ^- 2 udi 



{q(x)f 

+ ^|^(lo g (|V,P + ^)-l) W 
+(| S7u\ 2 + eyW/^diQVul 2 ) - [(diV e n )u + v e n d iU ] 
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We will make use the Pucci-Serrin formula [HI Prop. 1, p. 683] in the form 
F(x, 0, Vu)-Vu-T s (x, 0, Vm)1 (h-is)dS 



on 

= / F{x, u, Vu) div h + h ■ V.F(x, u, Vu) — (h ■ Vu) div ^(x, u, Vu) 
Jn L 

— J- S (x, u, Vu) ■ V(/i ■ Vtt) — a« div J- S (x, u, V«) 

— V(azt) • J- S (x, u, Vu) cfcc (3.35) 
Taking a constant, h = x = {x\, . . . , x n ), u — equation (|3.35|) becomes 

/ (|Vm£|a + e)P( ' )/a ( a; - y )dg- / (\VwU 2 +er^ 2 - l \Vwt l \ 2 (x.u)dS = 
Jon P{x) Jon 



<| 9(z) (|V<| 2 +e)P( a; )/ 2 



= / N 

la 



«) dx+ ^( a; .Vq(x))l^^(log|<|^)-l)rf a; 



g(x) 



p(x) 



fly ,„e |2 , \p(a:)/2 

(x-Vp(x))^ (log(|V<| 2 + £ )^)/ 2 -l)dx-y^<(x-V<)dx 



(|V<| 2 +£)^ a;) - 2 ^ 2 |V<| 2 dx+ / aw e n A £ w e n dx- (V(a<)-V<)(|V<| 2 +e) (p(;r) - 2)/2 (2x. 

Jn is] 

(3.36) 

For the surface integrals in (|3.36[) adding and subtracting the integral e J dn ( | V«4 1 2 + 



(rr)/2-l 



(x • ^)dS* we have 



(|V<| 2 +£)P^/ 2 



Oil 



on 



-(x • ^)dS - / (|V<| 2 + s^y^lVw^ix ■ v)dS = 
P\ x ) Jon 

-^r-l) {\Vuf n \ 2 +ey {x)/2 {x-v)dS+e [ (|V<| 2 +ef (x)/2 - 1 {x-v)dS 
P\ x ) J Jon 

(3.37) 

On the other hand, since (x • v{x)) ^ for all x S dil, then 

n gn E^/ 2 {x-v{x))dS, if Kp(x)sC2, 
(|V<| 2 + £ )fW/ 2 - 1 (x • ^)dS < J / 9n ^^(IV^I 2 + e)P(-)/ 2 (x ■ v)dS+ 
m { +J dn ^e^(x. V (x))dS, if 2<p(x). 

Now we analyze what happen with each term in (|3.36p as e — > 0. We begin with 
the last term and we continue the analysis going down to up into the equation: 

(1) - / (V(aO-V<)(|V<| 2 +£)(P( 3; ^ 2 )/ 2 dx -> -a J Q \Vw n \ p{x) dxhy (pOS]) . 

(2) J n a<A £ <dx -> a(/ n 2| M „|9( a; )~ 2 u n u;„d2;-/ n |u; n |9( a; )da;) by ((Ml) and 

(3) -J n (|V<| 2 +e)W a; )- 2 )/ 2 |V<| 2 dx^-/ n |Vt(; n |P( x )dxby (f3T23]l . 

(4) For the term — J n w e n (x ■ Vifjdx we make the following estimations 



(3.38) 



w e n {x ■ Vv e n )dx 



x ■ V(w e n v e n )dx + / v e n x ■ Vw^dx 



(3.39) 



Note that J Q v^x ■ Vw e n dx — >■ 2 f Q \u n \ q ( x > 2 u n x ■ Vw n dx as e — > 0, by a 
similar proof as in (|3.20p . 
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On the other hand, calculating the first term in the right hand side of 
(p09]l . 



= N I viwidx. 



(5) We claim that 
(z-Vg(z))L^(log|<|^>-l)dx 



n n 



v £ wi, div x dx 



v e n w e n {x ■ v)dS 



(3.40) 



{x ■ Vq{x)) i^w ( log M(x) ~ ^ dx (3 - 41) 



and 



(x ■ Vp(x)) 



(IV'. 



„e 12 



; Wx)/2 



(P(^)) 2 



log(|V<| 2 +e) p(;r)/2 -l)d2; -)• 
(z • Vp(a)) l^^ ( log |Vw„ |**> - 1) (3.42) 



for 77 > 0. 
Fix 



and 



/ x := / (x-Vq(x))- 



<\ q{x) 
{q{x)) 2 



log\w e n \ q{x) dx 



h:= I (x ■ Vp(x)) (|V<|2 + \f (X)/2 log(|V<| 2 + £ )**>/ 2 <fa:. 



In order to prove p. 411) and (|3.42l) , we estimate Ii by distinguishing the 

(3.43) 



cases \w%\ < 1, and w^j > 1. Notice that the relations 



sup fl\ \ogt\ < 00 

0<t<l 



sup t r ' log t < 00 
t>i 



(3.44) 



hold for r7 > 0. 

Set n x :={x eft: \w £ n (x)\ < 1} and fl 2 ■= {x € Q : |to£(a;)| > 1}. We can 
choose fceR such that — 1/fc > p~. Since € LP (fi) and in fii, 
1^4 (a;) I < 1 we have 



{x ■ Vq(x)) 



IV 



e \q{x) 



{q{x)f 



\oe\wZ\ qlx) 



< C\w e n (x)\ p[x) ~ 1,m < C|<(x)| p , (3.45) 



for m > k. 

For fl 2 we can choose k' such that p(x) + 1/fc' < (p(x))* = Np(x)/(N 
p(x)).So 



(g(a;)) 2 



< C\w e n {x)\ p ^ +1 ' m < C\u%(jc)\W s »* , (3.46) 
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for m > k' , and i £ H2. Therefore (|3.45|) . (|3.46|) . and the convergence of 
in Lemma 13.11 imply that there exists h{x) € L (O) such that 



< h(x) (3.47) 



On the other hand, given the convergence Lemma 13.11 assertion (|3.8I) and 
the continuity of the log function, we may conclude that 

\w £ \ q ^ , > \w l 9 ^) , , 

(x ■ Vq( x ))Lf— log |<|«<*) -> (a • Vg(*))^fw log |«, n |«0"0 (3.48) 

a.e. in f2 as e — > 0. With (13.471) . (|3.48[) . and the Lebesgue convergence 
Theorem the claim of point (5) follows. 

(6) Finally, / + f^") _> [ N + dx 

as e by ([gjl and ([3T5]1 . 

Considering points (1) to (6), identities p.36[) . (|3.37p . and inequality (|3.38p , we 
obtain 

/ ^ dx+ j ^J^\V Wn \^d x+ I *. V p(*)&^ (loglV^r^) - l) 
Jn q{x) Jn P(x) Jn P{x) v ' 

+ f x ■ Vgfr) 1 ™" 1 ^ (log \w n \*M - l) dx + 2 / K| 9 ^- 2 u„x • Vu;„dx 
io 1\ x ) v ' Jn 

+ a( f 2\u n \ q{x) - 2 u n w n dx - I \w n \ q{x) dx- f \Vw n \ p( - x) dx j + R n < 0, (3.49) 
\Jn / 

where R n = limsup e ^ J gu (|V<J 2 + £ ) p{x)/2 (x-u(x))dS, andpt = min^n {2,p(a;)} • 
Now let n — >• oo in (|3.49p and take into account (|3.9I) . (|3.10p to obtain 



TV / M^-dx+[ - P [ x) \X7u\ p ^dx+ [ x-Vp(x) |V ^r ( log 1 V< (x) - l) dx 
Jn q{x) Jn P{x) Jn P(x) v 

\u\ q ^ 

q(x) 



+ / x- Vq(a;)^L- floglul 9 ^) - l") dx + 2 / \u\ q ^- 2 u(x- Vu)dx 
Jn l{xY V ' Jn 



+ a (J \u\ q ^dx- J \Vu\ p{x) dx^j + R < 0, (3.50) 



1 f 

where i? = P limsuplimsup / (|VufJ 2 + e y {x)/2 ( x . v { x ))dS. 

P n-s-oo £->0 JdO 

Further, notice that since u is a weak solution of (|1.2p . 



f \u\ q ^dx- [ \Vu\ p ^dx = 0. (3.51) 
Jo Jo 

In fact, multiplying (|1.2p by tp S Wq (^)i an< ^ integrating by parts, we have 



|Vu| p(x) ~ 2 Vud:r = / |ii|«^- 2 it(^dx. 
o Jo 
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Taking <p — u we get (13 . 5 1 1) as wanted. On the other hand, 

^JLp dx = / \ u \«W- 2 u(x ■ Vu)dx 

q{x) Jn 



' 'u\ q ^ log \u\ q{x) (x ■ Vq(x))dx, (3.52) 



2 



q(x) 

so that 

X ' V ^ q{X) dx = - [ div (*)\ u ^) d x+ [ lul^^-l — )^ 



<l(x) Jn \q(x)J Jon dv \q(x) 



-N[^ d x + [^ q{X) r^ q(x) d X . (3.53) 
Jn 1\ x ) Jn 1\ x ) 



Hence from (|3~52]l . ([3~53| 



\u\ q( - x} " 2 u(x ■ Vu)dx = -N I ^^-dx 



n 



q{x) 



qiX)x ^ (l- log |,|^)^(3.54) 
aixV V / 



n q(x) 2 

We derive inequality (|3"34]) by substituting (|3~5T|) and (|3~5H) in ([330)1 . □ 

4. Nonexistence of Nontrivial Solutions 

Now we can state a Non Existence Theorem which is a generalization to variable 
exponent Sobolev spaces of Theorem III, p. 142 in [13]. The proofs are similar to 
those in 1131. but are included here for the reader's convenience. 



Theorem 4.1. Consider the Problem U.2\) , where Q C K. is a bounded domain 
of Class C , p{) is a log-Holder exponent with 1 < p~ ^ p{x) ^ p + < N. Let V be 
as defined in 13.1]) . Then we have: 

i) Iftt is star-shaped and q~ > (p + )* then Problem kl.2\) has not a nontrivial 
weak solution belonging to V n £ where 







/ n ,og ( 




r 





(|V<(*>e-i)^' V " |PW ' 
(\u\^)e-^ HqM 



dx^O 



ii) If n is strictly star-shaped and q — {p + )* then Problem il.2\) has not a 
nontrivial weak solution of definite sign belonging to V C\£. 

Proof, i) If SI is star-shaped, R ^ in (|3 . 34|) . Then it follows that 

- »\ f lu ^dx < 0. 



q- 

So u = 0. 

ii) If f2 is strictly star-shaped, R = in (|3.34[) , so 

= i?^ / 9limsuplimsup f (|V<| 2 + £ ) p[x)/2 dS. 
Since p > we have 

= limsuplimsup f (|V<| 2 + £ ) p{x)/2 dS. 
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Multiplying the PDE in (|3.6|) by v(x) = 1, integrating by parts, and taking limsup 
as e — 5* and n — > oo we obtain 



C limsup limsup / (|V<| 2 + e ) p(a:)/2 dS = 0, C }t 0. 



a n->oo £ ^o Jan 

Therefore f Q \u\^- 2 udx = 0. □ 
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